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1 Introduction 

The Yangian Y(gl„) for the general hnear Lie algebra qI^ is a deformation of the 
universal enveloping algebra U(gl„[x]) in the class of Hopf algebras; see Drinfeld p. 
A theorem of his |^ (see also Tarasov [^]) provides a complete discription of finite- 
dimensional irreducible representations of Y(g[„) in terms of their highest weights. 
Recently, Arakawa P| has found a character formula for each of these representations 



with the use of the Kazhdan-Lusztig polynomials; see also Vasserot |^ for the case of 
quantum affine algebras. Nazarov and Tarasov |^D[ (see also Cherednik |Q) have given 
an explicit construction for a class of the so-called tame representations. However, 
the structure of the general finite-dimensional irreducible Y(g[„)-module (with n > 3) 
still remains unknown. In this paper we establish an irreducibility criterion for tensor 
products of the Yangian evaluation modules which thus solves this problem for a wide 
class of representations of Y(0l„). 

Let A = (Ai, . . . , A„) be an n-tuple of complex numbers such that Aj — Aj+i is 
a non-negative integer for each i. Denote by L{X) the irreducible finite-dimensional 
representation of the Lie algebra gi^ with the highest weight A. For each a G C 
there is an evaluation homomorphism ipa from the Yangian Y(g[„) to the universal 
enveloping algebra U(g[„): see Section |^ for the definitions. Using ipa we make L{X) 
into a Yangian module and denote it by -^^(A). We keep the notation L{X) for the 
evaluation module La(A) with a = 0. The Hopf algebra structure on Y(gl„) allows 
one to regard tensor products of the type 

L,,(A«)®L,,(A(^))®---®L,,(A(^)) (1.1) 

as Yangian modules. Our main result is a criterion of irreducibility of these modules: 
see Theorems [1.1| and |1.2| below. To formulate the result we first note that the 



problem can be reduced to the particular case where all the parameters Oj in ( p..l| ) 
are equal to zero. This is done by using the composition of the module ( |1 . 1| ) with an 
appropriate automorphism of the Yangian: see Proposition ^^ below. 

We give first an irreducibility criterion for the tensor product L{X) ® L{n) of two 
evaluation modules. It is well-known (see e.g. and Theorem ^]l] below) that this 
module is irreducible if the differences Aj — fij are not integers. Furthermore, for any 
c G C the simultaneous shifts Aj i-^ Aj + c and fij \^ ^ij + c for all i and j do not affect 



the irreducibility of -^(A) ® L{jj,); see Proposition pl5| . Thus, we may assume without 
loss of generality that all the entries of A and /i are integers. 

We shall be using the following definition. Two disjoint finite subsets A and B 
of Z are crossing if there exist elements ai,a2 G A and 61,62 ^ B such that either 
Oi < 61 < 02 < ^2) or 61 < Oi < 62 < ct2- Otherwise, A and B are called non- crossing. 

Given a highest weight A with integer entries introduce the following subset of Z: 

^A = {Ai, A2 - 1, . . . , A„ - n + 1}. 



Theorem 1.1 The module L{X) L{fi) is irreducible if and only if the sets Ax \ Afj, 
and A^ \ Ax are non-crossing. 



Using the argument of Kitanine, Maillet and Terras |jTO|, |T^, Nazarov and Tarasov 



p^ , Theorem 4.9] demonstrated that the irreducibihty criterion for the muhiple tensor 
product ( p. ■ 1|) can be obtained from the particular case oi k = 2 tensor factors. 
Namely, the following "binary property" holds. Here we let A'-^-*, . . . , A'''^^ be n-tuples 
of complex numbers such that A^ — X^^^ is a non-negative integer for each i and p. 

Theorem 1.2 The module 

L(A«)®L(A(2))®...®L(A('=)) (1.2) 

is irreducible if and only if all the modules L{X^p^)0L{\^'^^) withp < q are irreducible. 

Note that the "only if part of this theorem is well known. It is implied by 



Proposition p]6| (see below); cf. B, |jT6|. If the module (|1.2|) is irreducible, its highest 



weight is easy to find. Therefore, together with Theorem 1.1 the binary property of 



Theorem [1. 2| allows one to determine whether a given irreducible Y(0l„)-module can 



be realized in a tensor product (|T7 

For the proof of Theorem |TTT] we use the Gelfand-Tsetlin bases of the g[„-modules 
L(A) and L{fi). The key role is played by the formulas for the action of the Drinfeld 
generators of Y(g[„) in these bases as well as by the quantum minor formulas for the 



Yangian lowering operators [jTSl; cf. Nazarov and Tarasov |jT9|, |20 |. 

In the case of the Yangian Y(g[2) the criterion coincides with the one obtained by 
Chari and Pressley and it is also implicitly contained in Tarasov's paper p3| 



see 



also |T6[ . Nazarov and Tarasov [^ found a criterion of irreducibihty of ( |1.1D in the 
case where each highest weight A*^^-* has the form (a, . . . ,a, P, . . . , P) with a — ^E Z+. 
This generalized earlier results by Akasaka and Kashiwara |1| and Zelevinsky [^ . 

Leclerc, Nazarov and Thibon |T^ have found an irreducibihty criterion for the 
induction products of evaluation modules over the affine Hecke algebras of type A 
with the use of the canonical bases; see also Leclerc and Thibon |]ll|, Leclerc and 
Zelevinsky |]13|. The application of the Drinfeld functor Q] (see also 0) leads to an 
irreducibility criterion for the Yangian modules ( p..l|) (equivalent to Theorems LI and 



|1.2| ), when the highest weights A*^^-* satisfy some extra conditions. Namely, assuming 
that the A*^^^ are partitions (we may do this without loss of generality), one should 
require that the sum of their lengths does not exceed n. 

This work was completed during the author's visit to the Erwin Schrodinger Insti- 
tute, Vienna for the Representation Theory Program, 2000. I would like to thank ESI 
and the organizers of the program, A. A. Kirillov and V. G. Kac for the invitation. 
I am very much obliged to M. L. Nazarov for valuable discussions during the visit. 



He kindly informed me about the results of [|T2], |2^ prior to their publication, and 
the present form of Theorem IJ. was inspired by the irreducibility criterion in |]12 



Originally, the author obtained this result in the form of Theorems |3.1| and [O 



see 



below. The financial support from the Australian Research Council is acknowledged. 



2 Preliminaries 



We refer the reader to the expository papers HlBj |T8| where the results on the structure 



theory and representations of the Yangians are collected. 

The Yangian Y{n) = Y(g[„) P, |^ is the complex associative algebra with the 
generators tij\t\-\ . . . where 1 < 'i,j < ?t-, and the defining relations 

[tij{u),tki{v)] = -^—[tkj{u)tii{v) - tkj{v)tii{u)j , (2.1) 

where 

U,{u) = 5,, + i^^vr' + 4f w-2 + . . . e Y{n)[[u~']] 

and M is a formal (commutative) variable. The Yangian Y(n) is a Hopf algebra with 
the coproduct A : Y{n) -^ Y{n) ® Y{n) defined by 

n 
^{Uj{u)) = J2t^a{u)(E)taJ{u). (2.2) 

a=l 

Given sequences oi, . . . , a^ and 61, . . . ,br of elements of {1, . . . , n} the correspond- 
ing quantum minor of the matrix [tjj(M)] is defined by the following equivalent for- 
mulas: 

tti:l:i^) = 5^ sgna ■ t.„,,),,(n) ■ ■ ■ta^,,,6.(w - r + 1) (2.3) 

= ^ sgn a ■ 4ib,(i) {u-r + !)■■■ ta^b^^^^ (u). (2.4) 

The series tl^',',',^''{u) is skew symmetric under permutations of the indices a^, or bi. 

The Poincare-Birkhoff-Witt theorem for the Yangian Y(?7,) (see e.g. [[Tsj Corol- 
lary 1.23]) implies that given a subset of indices {ai, . . . ,0^} C {1, . . . ,n} the co- 
efficients of the series ta^aiu) with i,j = l,...,r generate a subalgebra of Y(n) 
isomorphic to Y(r). 

The mapping 

U,(v^ ^ i-iy^H'^X'^-v^ (2.5) 

defines an algebra automorphism of Y(ra); the hats indicate the indices to be omitted. 
The following proposition is proved in |jl^. Proposition 1.1] by using the i?- matrix 
form of the defining relations ( p.l| ). 



Proposition 2.1 We have the relations 



imn{k,l} 



[^r^M,a:::^(^)]= E 



;_l)P-ip! 



p= 



^ (m — f — A; + l) ■■■(« — ti — /e + p) 



Y. (C''''".r"'""'^w^^r'"^r" '''M -'^^ - '- --.i^^H^.:;.. '^^, ...au. 



il<---<ip 

ii <■■■<> 



i/ere t/ie p-tuples of upper indices (a^^, . . . , aj^) and (cj^, . . . , Cj^) are respectively in- 
terchanged in the first summand on the right hand side while the p-tuples of lower 
indices {bi-^, . . . , bi^) and {dj^, . . . , dj^) are interchanged in the second summand. u 



We note the following particular case of these relations: 

[ta,{n)AX::i{v)] = ^ ii2'cM^X''^'i:i^) - E^^l--^-^k(^)Uw) • (2-6) 

This implies the well-known property of the quantum minors: for any indices i,j we 
have 

K,M)^tX::.l{v)] = Q. (2.7) 



We shall frequently use the following result proved in [20 



Proposition 2.2 The images of the quantum minors under the coproduct are given 
by 

Cl<--<Cr 

summed over all subsets of indices {ci, . . . , c,.} from {1, . . . ,n}. D 



For m > 1 introduce the series am{u), bmiu) and Cmiu) by 

a^{u) = t\:z{u\ h^{u) = t\::z.,,m+M. c^{u) = t\:z-'^'-^\u). (2.8) 

The coefficients of these series generate the algebra Y(n) [0, they are called the 
Drinfeld generators. 

By a theorem of Drinfeld |^ every finite-dimensional irreducible representation of 
the Yangian Y{n) is a highest weight representation. That is, it contains a unique, 
up to a scalar factor, nonzero vector ( (the highest vector) which is annihilated by 



all upper triangular elements Ujiu), i < j, and ( is an eigenvector for the diagonal 
generators tai^u), 

tii{u)C = K{u)C, i = l,...,n. 

Here the Xi{u) are formal series in u^^ with complex coefficients. We call the col- 
lection (Ai('u), . . . , \n{u)) the highest weight of the representation. Equivalently, ( is 
annihilated by bi{u),. . . ,bn-i{u) and it is an eigenvector for each of the operators 

ai{u), . . . , aniu) 0, so that 

(im{u) ( = Xi{u)X2{u — 1) ■ ■ ■ Xm{u — 171 + 1) ( , 171 = 1, ... ,71. 

If L is any Y(n)-module, then a nonzero element ( & L is called a singular vector if 
( is annihilated by all upper triangular generators tij{u), i < j, and ( is an eigenvector 
for the diagonal elements tii{u). Such a vector ( generates a highest weight submodule 
in L. The following proposition if proved by a standard argument; see e.g. |l( 



Proposition 2.3 If L is an irreducible highest weight Y{n) -module and ( E L is 
annihilated by all operators tij{u) with i < j then ( is proportional to the highest 
vector of L. a 



Let the Eij, i,j = 1, . . . ,n denote the standard basis elements of the Lie algebra 
g[„. For any a G C the mapping 

ipa : tij{u) ^^ 6ij H -^ (2.9) 

defines an algebra epimorphism from Y{n) to the universal enveloping algebra U(g[„) 



so that any gl^-module can be extended to a Y{n) module via ( |2.9| ). In particular, 
let A be an n-tuple of complex numbers A = (Ai, . . . , A„) such that Aj — Aj+i G Z+ 
for all i (we call such n-tuples gl^-highest weights). Consider the irreducible finite- 
dimensional g[„-module L{\) with the highest weight A with respect to the upper 
triangular Borel subalgebra. The corresponding Y(n)-module is denoted by La{\), 
and we call it the evaluation module. We keep the notation -^(A) for the module 
La{X) with a = 0. The coproduct A defined by (|2.2| ) allows one to consider the 
tensor products ( tL.l|) as Y(ra)-modules. 

Let us denote by / the n-tuple (1, 1, ... , 1). 



Proposition 2.4 The Y (n) -module ( |1 . 1| ) is irreducible if and only if the module 

L(A(^) - ai /) ® L(A(2) - a2 /) ® ■ • • ® L{X^''^ - at I) (2.10) 

is irreducible. 



Proof. Suppose that ( |1.1| ) is irreducible. Let ^^'''^ denote the highest vector of the 
0[„-module L(A(p)). We derive from (U) and Q that C = ^^^^ ® ■ ■ ■ ® ^'■''^ is the 
highest vector of the Y(n)-module (|1.1|) with the highest weight (Ai(m), . . . , A„('u)) 
where 

K{u) =(l + ^—) ••■(! + ^—) , 2 = 1, . . . , n. (2.11) 

V u — ai/ \ u — a/^/ 

Consider the automorphism of Y{n) 

Uj{u)^f{u)ti,{u), (2.12) 

where f{u) is the formal series in u"^ given by 

f{u) = (1 - aiu'^) ■ ■ ■ (1 - ttkU'^). 

The composition of the module ( |1.1|) with this automorphism is an irreducible Y(n)- 
module L with the highest weight (Ai(u), . . . , A„(m)) where 

A.(.)=(l + ^^^)...(l + ^^^), . = l,...,n. (2.13) 

On the other hand, the tensor product of the highest vectors of the g[„-modules 
^(^_\{p) _ apl) is a singular vector of the Y(n)-module ( |2.10| ) with the weight given 
by (|2.13|) . Therefore, L is isomorphic to a subquotient of ( |2.10|) . However, these two 
modules have the same dimension and hence, they are isomorphic. In particular, the 
module (|2.1CI|) is irreducible. The proof is completed by reversing the argument. n 



Proposition 2.5 Given c G C, the simultaneous shifts 

A(p)^Af^ + c, p = l,...,fc, t = l,...n 



of the parameters of the module {h2) do not affect its irreducihility. 



Proof. It the module ( |1.2| ) is irreducible then so is the module L'^ which is the 
composition of ( |1.2| ) with the automorphism of Y(n) given by 

tij{u)^tij{u + c), i,j = l,...,n. 

The highest weight of L^ is (A^('u), . . . , A^(m)) with 

.(1) ,(fc) 

\'r(u) =(l + ^^) ■ ■ ■ f 1 + ^-) , t = l,...,n. 

'^ ' \ u + c) V u + cJ 



The proof is completed by repeating the argument of the proof of Proposition ^ 
with the use of the automorphism (p^.l2D of Y(n) where f{u) = (1 + cu^^Y. u 



Proposition 2.6 Suppose that the Y{n) -module ( |1.2| ) is irreducible. Then any per- 
mutation of the tensor factors in ( |1.2|) gives an isomorphic representation ofY{n). 



Proof. Denote the tensor product (|1.2|) by L. Note that L is a representation with the 



highest weight (Ai(m), . . . , A„(m)) given by ( |2.11|) with oi = ■ ■ ■ = a^ = 0. Consider 
a representation V obtained by a certain permutation of the tensor factors in (|1.2| ). 
The tensor product C,' of the highest vectors of the representations L(A^*'') is a singular 



vector in L' whose weight is given by the same formulas ( |2.11| ). This implies that 



C generates a highest weight submodule in L' such that its irreducible quotient is 
isomorphic to L. However, L and L' have the same dimension which implies that L 
and L' are isomorphic. D 



We shall use a version given in |jT5[ (cf. |jT9[) of the construction of a basis of the 
g[„-module L{X) which is originally due to Gelfand and Tsetlin 0. We equip L{\) 
with a Y(n)-module structure by using the epimorphism 

Y{n) -^ U(0[J, t,,(n) ^ 5,, + E,^ u-\ (2.14) 

see (p.9|). A pattern A (associated with A) is a sequence of rows A„, A„_i, . . . , Ai, 
where A^ = (A^i, . . . , A^r) is the r-th row from the bottom, the top row A„ coincides 
with A, and the following hetweenness conditions are satisfied: for r = 2, . . . ,n 

Ari - \r-i,i e Z+, Ar-i,i - Xr,i+i G Z+, for 2 = 1, . . . , r - 1. (2.15) 

For any pattern A introduce the vector ^^ G -^(A) by 

^A= n ll^r^i-^r-l,i-l)■■■r„{-Xri + l)r„{-Xr^)^, (2.16) 

r=2,...,n j=l 

where (^ is the highest vector of -^(A) and 

r,,(w) =uiu-l)---iu-r + t + 1) t:tV:i(^) 

is the lowering operator; see also Section ^ The vectors ^^, where A runs over all 
patterns associated with A, form a basis of L{X). The t^^{u) essentially coincide with 
the standard lowering operators arising from the transvector algebras; cf. [|17|. We 
find from ( p.l4|) that the operators 



Bmiu) = u{u — 1) ■ ■ ■ (m — m + 1) bm{u), 
Am{u) = u{u — 1) • ■ ■ (m — -m + 1) am{u) 



in L[X) are polynomials in u; see ( p.8|) . Their action in the basis {^a} of -^(A) is given 
by the following formulas; see [^ . They can also be deduced from Lemmas [4.3| -^75 



see Section Ij. We use the notation l^i = Xri — i + 1. 

8 



Proposition 2.7 We have 



Am{u) ^A = (W + ^ml) ■■■(« + Imm) Ca, (2.17) 

m+1 

Bm{—l-mj) '^A = ~ _[ _[ ('m+l,i — Imj) ^A+5,„^ /^'^ J = 1) 



i=l 



where A + 6mj is obtained from A by replacing the entry X^j with X^j + 1, and C,j\ 
is supposed to be equal to zero if A + Smj is not a pattern. 



Applying the Lagrange interpolation formula we can find the action of B„i{u) for 
any u. Note that the polynomial Bm{u) has degree m — 1 with the leading coefficient 
Em,m+i- This therefore implies the Gelfand-Tsetlin formulas [§] for the action of the 
elements Em,m+i'- 

771 /• _ \ ^ [''m+1,1 ~ I'mj) ' ' ' [''m+l,m+l ~ ''mj) ^ I'O 1 C^ 

J^m,m+1 ^A - - 2^ 71 —J X 7 71 —j T ?A+<5,„j 5 [^- -L» j 

■_i \''ml '"mj ) '^j yi'mm ''mj J 

where Aj indicates that the j-th factor is skipped. 

We conclude this section with an equivalent form of the conditions of Theorem |1.1| . 

Given complex gl^-highest weights A = (Ai, . . . , An) and fi = (/xi, . . . , fin) we shall 
use the notation 

k = Xi - i + 1, rui = fii - i + 1, i = 1, . . . , n. 

For a pair of indices i < j we shall denote 



\ 'jf? n / I'j) fj + i, . . . , Lij \ \tj, tj_i, . . . , Hj, 

{mj,mi) = {mj,mj + 1,. . .,mi} \ {mj,mj.i,. . . ,mi}. 



:2.19) 



In particular, if Aj = Aj+i = ■ ■ ■ = Xj then {lj,li) = 0. 

We shall assume now that A and /i are g [^-highest weights with integer entries. 

Proposition 2.8 The sets A\ \ A^ and A^ \ A\ are non-crossing if and only if for 
all pairs of indices l<i<j<nwe have 

mj,mi^ {IjJi) or IjJi ^ {mj,mi). (2.20) 

Proof. Let us write Cond(^A5'^^) for the condition that Ax \ A^ and A,^i \ Ax are 
non-crossing. We use induction on n. In the case n = 2 the statement is obviously 
true. Let n >3. Suppose first that ( p.20| ) holds. Set 



A^ = {h,...,ln-i} and Al = {k, . . ■ Jn} 



and similarly define A~ and A't. By the induction hypothesis, both conditions 
Cond {A'^,A~) and Cond(^^,^+) are satisfied. If mi = /i then Cond^AxjA^) 
obviously holds. We may assume without loss of generality that rrii > li. Let 

where 1 < ii < ■ ■ ■ < ik < n and 1 = ji < ■ • • < Ja: < ?^. We must have for some 
a G {1, . . . , fc} that 

where the leftmost inequality is ignored when a = k. Ii2<a<k — 1 then together 
with Cond(^^,^^) this clearly ensures Cond(^A,-^^)- Similarly, this is also true 
when a = 1 and ii > 2. So, if a = 1 then the only case where both Cond(^;^,^^) 
and Cond(^^,^^) hold but Cond{Ax,A^) does not, is the one with the following 
inequalities between the elements of Ax \ Afj, and A^ \ Ax'- 

In < TTln < 171 j^ < ■ ■ ■ < 171 j^ < /j^ < ■ ■ ■ < /j^ < h < ITli. 

However, in this case m„ G ( /„, h ) and /i G (m„, mi), so that ( |2.20| ) is violated for 
1 = 1 and j = n. An analogous argument shows that ii a = k then the only case 
where both Cond(^;^,^~) and Cond(^^,^+) hold but GoYid{Ax,A^) does not, is 

In < hk < ■ ■ ■ < hi < mn < k < rrij^ < ■ ■ ■ < rrij^ < rrii. 



But then rUn G {ln,h) and /i G ( rrin, mi ) which contradicts (|2.20| ) again. 



Conversely, suppose that Cond(.4A, A^) holds. This condition clearly implies both 
Cond(^^,^~) and Cond(^^,^+) and so, by the induction hypothesis, ( |2.20|) holds 
for all pairs i < j with the possible exception for {i,j) = (1, n). If the latter condition 
fails then we have 

iTin^ilnJi) \ /„G(m„,,mi) 

or < (2.21) 

h G (m„,mi) 1 mi G (/„,,/i). 



However, in each of the two cases this contradicts Cond(^A5'^ 



M/ 



3 Sufficient conditions 

Our aim in this section is to prove the following. 

Theorem 3.1 Let A and fi be complex gi^-highest weights. Suppose that for each 
pair of indices l<i<j<nwe have 

mj,mi ^ {lj,li) or IjJi ^ {mj,mi). (3.1) 

Then the Y{n) -module L{X) ® L{fi) is irreducible. 

10 



We give the proof of Theorem ^TT] as a sequence of lemmas. Let ^ and ^' denote the 
highest vectors of the g[„-modules L{\) and L{fi), respectively. Let A^ be a nonzero 



Y(n)-submodule of L{X) (g) L{jj). A standard argument (see e.g. 0]) shows that N 
must contain a singular vector (. The key part of the proof of the theorem is to show 
by induction on n that 

C = const ■ ^ ® ^'. (3.2) 

Then considering dual modules we also show that the vector ^ ^' is cyclic. 

By Proposition |2.6|, exchanging A and /i if necessary, we may assume that for the 



pair (i, j) with i = 1 and j = n the condition 

mi,mn^ {InJi) (3.3) 

is satisfied. Consider the Gelfand-Tsethn basis {^^} of the g[„-module L{X)] see 
Section ^. The singular vector ( is uniquely written in the form 

C = $^a®%, (3.4) 

A 

summed over all patterns A associated with A, and % G L{^). 

For the diagonal Cartan subalgebra f) of g[„, we denote by Ei the basis vector of 
i)* dual to the element En so that the n-tuple A can be identified with the element 
Ai^i + ■ — h XnSn £ f)*- We shall be using a standard partial ordering on the weights 
of L(A). Given two weights v,w G [)*, we shall write v^wiiw — visa Z+-linear 
combination of the simple roots Sa — £a+i- Equivalently, v ^ w ii and only if 

n 

(3.5) 





W-V = 2_^Pa€a, 




a=l 


li the conditions 




Pi, P1+P2, 


• ••, Pi + --- + Pn-i e Z+, Pi 


The embedding 






U(0U^Y(n), i?.,^tg^ 



+ Pn = 0. 



(3.6) 

defines the natural U(gl„)-module structure on L(A) (S)L(yu). We shall usually identify 
the operators E^ and tlj . The vector ( is clearly a g[„-singular vector. In particular, 
it is a weight vector. Since the basis {^^} consists of weight vectors, each element 
r]^ G L{fi) in ( p.4|) is also a g[„-weight vector. Moreover, all elements C,jy 0% i^ 
have the same gt^-weight. 



11 



We shall denote the weight of the vector C,\, or, the weight of the pattern A, by 
w{A). It is well known |^, and can be deduced e.g. from ( p.l7|) that 



k k-l 



w{A)=wiei^ l-WnSn, Wk = "^ Xki - "^ h^i,i- (3.7) 



i=l j=l 



We shall say that a pattern A occurs in the expansion (|3.4|) if r/^ 7^ 0. Consider 
the set of patterns occurring in ( [3.4[ ) and suppose that A*^ is a minimal element of 
this set with respect to the partial ordering on the weights w{A). In other words, if 
A occurs in (O) and w{A) ^ w{A^) then w{A) = u;(A°). 



Lemma 3.2 The vector rj^o coincides with C,' , up to a constant factor. 



Proof. We have bmiu) ( = for m = 1, . . . , n — 1. Therefore, by Proposition |2T^ , 



E E^'i-™H^A®^"--i,-+iH% = o- (3. 



Cl<--<Cm A 



Write the elements t c^ .."2,„ (u) ^a as linear combinations of the basis vectors ^^ ^^d 



take the coefficient at ^^0 in the relation (|3.^ ). The weight of the vector ^ Ji'.'.!^„(M) ■Ca 
(or, to be more precise, the weight of each of the coefficients of these series) equals 

w' = w{A) + £1 H \-em-£ci £c^- 

Therefore w' >z w{A), and w' = w{A) if and only ii Ci = i for each i. Since A'' is a 
pattern of a minimal weight, the vector ,^^0 can only occur in the expansion of 

tl:Ziu)Uo = aUu)Uo- (3.9) 

By (|2.17|) this implies that 

t\::Z-i,m+iiu)vAo = bUu)VAO = 

for each m. Thus, r/^o is a singular vector of L{fi) and so, rj^o = const ■ (,'. n 

Lemma 3.3 The pattern A^ is determined uniquely. Moreover, if a pattern A occurs 
in (§]D then w{A) >z w{A^). 

Proof. We use the fact that ( is an eigenvector for the generators ai(-u), . . . , an{u). 

^wc= E Y.tc:-ZM^A®ttz-i^)vA- (3.10) 



By Proposition pT2 , 



Cl<---<Cm A 
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This vector equals am{u) ( for a formal series am{u). As we have seen in the proof 
of Lemma ^l2|, the vector ^^o can only occur in (p.lO|) in the expansion of (|3.9|) . By 
( p.l7|) and Lemma ^^ comparing the coefficients at ^^o, we find that 



c^Uu) = 4^^%^^^^^%^/5™(«), (3.11) 

u[u — 1) ■ ■ ■ [u — m + 1) 

where l^^ = A^j — i + 1 and the series Pmiu) is defined by am{u) C,' = /?„(«) ^'. 
The equation ( p.ll| ) uniquely determines the parameters l^^, 1 < i < m < n, since 
^mi ~ ^mi+i is a positive integer for each i. Thus, the pattern A° is also determined 
uniquely. The second claim is now obvious. n 



Lemma 3.4 For each entry A^^ of a pattern A occurring in ( p.4|) we have 
A,,-ALgZ+, for l<a<k<n-l. 



Proof. If A occurs in ( |3.4] ) then w{A) >z w{A^) by Lemma p.3| . We use induction 



on w{A). Fix A 7^ A°. Then there exists another pattern A' occurring in ( p.4|) such 
that w(A°) :< w{A') -< w{A), and for some m and some indices Ci < ■ ■ ■ < c^ the 
expansion of tjv.™ ("w) ^a' contains ^^ with a nonzero coefficient. Indeed, if this is 



not the case, then considering the coefficient at ^^ in ( |3.8| ) we come to the conclusion 
that bm{u) % = for all rra = 1, . . . , ra — 1, and so, r/^ is, up to a constant, the highest 
vector of L{fi): see the proof of Lemma p.2| . This implies that A and A° must have 
the same weight. Due to Lemma p.3| , we have to conclude that A = A°, contradiction. 
By ( p.6| ) the operator t I'-^'.^lm ("") ""^^ ^^ represented as the commutator 

where p is the minimum of the indices i such that q 7^ i. Here, as before, we identify 
the elements Eij and t^ using the embedding (|3^). The operator t\',',',^{u) acts on 
the basis vectors ^^ by scalar multiplication; see ( |2.17| ). Furthermore, Eij with i < j is 
a commutator in the generators Ek^k+i with /c = l,...,n — 1. By the Gelfand-Tsethn 
formulas ( |2.18| ), E^^k+i^A' is a linear combination of the basis vectors ^^;_,_^^_^, where 



a = 1, . . . ,k. The proof is completed by the application of the induction hypothesis 
to the pattern A'. □ 



Lemma 3.5 The {n — l)-th row of the pattern A^ is (Ai, . . . , A„_i). 

Proof. We shall be proving the following property of A° which clearly implies the 
statement. For every r = l,...,'ri — Iwe have: if i > r and 

\0 ^ ^0 = . .. = A° 

^n—l,i ^n— 2,1—1 ^n—r,i—r+li 
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then either X^-i i = \i, or i > r + 1 and 

\0 ^ \ = . . . = A° = A° 

Suppose the contrary, and let r take the minimum value for which the property fails. 
That is, there exists i >r such that A' := A° + 5n-i,i + ■ ■ ■ + 5n-r,i-r+i is a pattern. 
Since C is a singular vector, we have 

t}:::ru.HC = o. (3.12) 

By Proposition p.2| , 

E Y.^tX-M) U ^tt-.n-ZUu) Va = 0. (3.13) 

Cl<--<Cn-r A 



The coefficient of the vector ^^, ® 77^0 in the expansion of the left hand side of ( p.l3|) 



must be 0. Let us determine which patterns A yield a nontrivial contribution to this 
coefficient. Considering the weight of ^ci.."c~-r(^) '^a ^^ come to the relation 

w(A) + ei H h £„_r - £ci £c„_, = tf (A°) + £„_^ - e„, 

and hence 



Since w(A) ^ w(A'^) by Lemma |3.3| , we obtain from ( p.5|) that c^ = a for a 



1, . . . , n — r — 1, and c„_r G {n — r, . . . , n}. Then w(A) = w(A°) + £:c„_^ — ^n- By 
Lemma p.4|, A should be obtained from A° by increasing exactly one entry by 1 in 



each of the rows Cn-r,Cn-r + 1, . . . ,n — 1. On the other hand, by the minimality 
of r and the betweenness conditions ( |2.15[ ), the array A would not be a pattern. 



unless Cn-r = n — r or Cn-r = n. Thus, the coefficient in question can only have a 
contribution from two summands in ( |3.13D , namely, 

tl'Z'^r-lA^)U<>^tl-ZZ-l,niu)VAO (3.14) 

and 

t\\::z:iu)u,®ti-.:r-r-iMvA'- (3.15) 

We consider {^^) first. By (p]), 

ti::::::;:_i,„(«) = [t }::::::;(«), i?._.j. (3.16) 

It has been observed above that the minimality of r and the betweenness conditions 
( p. 151) imply that Ecn C,/^o = for n — r<c<n — 1. Hence using the relation 

En-r,n = [En-r,n-r+l, ' ' ' [-E'n-3,n-2, [-E'n-2,n-l, -S'n-l/nJ J " ' ' J 
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we get 



^n—r,n <, 



AO 



— 1)'^ En-l.nEn~2.n-l " " " -E'n- 



'r,n— r+1 SA"' 



Therefore, by (|2.18| ) the expansion of En-r,nif^o in terms of the basis vectors ^p^ 
contains ^^/ with a nonzero coefficient C. It will now be convenient to use polynomial 
quantum minor operators defined by 

TZ:.tZ{u) = u{u-l)---{u-m + i)tz:z{u), 



see (|2.3| ) . Using (|2.17| ) we find from (|3.16|) that the coefficient of ^^, in the expansion 
of T}:::;^:;_i_„(u)^^o equals 



C{u + l^^ ■■■Aj---{u + l^,_,„-r), 3 ■■-- 



r + 1, 



where C is a nonzero constant. For the second factor in (|3.14|) we find from (|2.3|) and 



Lemma 3.2 that 



Tl:.Z_l_l%{u) r]^o = {u + mi)---{u + mn-r-i){u + irin + r) rj^o. 



Consider now the expression (|3.15| ). By (|2.17|) we have 

T \::.T-:{u) U' = {u + /°.,,i) ■■■{u + /°_,,^. + 1) ■ ■ ■ (« + C_,,„_,) U'- 

Since C is a g[„-weight vector and w(A') = w(A°) + Sn-r — £n, the vector t]^, is a 
linear combination of the ^^^ with w{M) = ^ — En-r + ^n, where {^^/} is the Gelfand- 
Tsetlin basis of L{fi). This implies that the {n — r)-th row of each of the patterns 
M is (/ii, . . . , fin-r-i, fJ'n-r — !)• Wc therefore have En-r,n Va' = const ■ C,' and so, by 
( pTfl) and (CT ) 



vector ^^, ® rj^o in ( p.l2| ), we obtain 



T l:.'.l__r-i,ni'^) Va' = const ■ (m + mi) ■ ■ ■ (m + m„_^_i) ^'. 
Combining the results of the above calculations, and taking the coefficient of the 

(m + mn-r-i){u + mn + r) 

[U + in—r,n—r) 

{U + mn-r-l) = 0. 



C{u + I') 



A, 



(m + /° _J(M + mi) 



+ const ■ {U + ln-r,l) ' ' ' (u + ln-r,j + 1) 

X (m + mi) 
Deleting the common factors gives 

C (u + nin + r) + const ■ {u + In-rJ + 1) = 



71— r,j 



Put M = —l!^_^ ,• — 1 in this relation. Since C is nonzero we get m„ = In-rj 



r + 1 



and thus rrin = In-i r ^Y the betweenness conditions for A*^ and A', 

\i - A°_i , > and A°_i , - A^+i > 0, 
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which imphes that both differences U — rUn and m„ — k+i are positive integers. Thus 
m„ G ( /j+i, h) ^ { In, h ) which contradicts ( |3.3|) . Therefore, our assumption that A' 
is a pattern must be wrong. n 



By Lemma |3.4| we can now conclude that all vectors ^^ which occur in ( |3.4| ) belong 



to the U(g[„_i)-span of the highest vector ^ of L{\). This span is isomorphic to the 
irreducible representation L{\_) of g[„_]^ with the highest weight A_ = (Ai, . . . , \n~i)- 
In particular, Enn C,\ = A„ ^^ for each A. Furthermore, if (^ is a linear combination of 



vectors ^a ® ■Cm then by Lemma 3.2, for the corresponding patterns we have 



w{A) + w{M) = w(A°) + /i. 

Therefore, Enn^M ~ f^n^M ^^^ ^^^ ^ which implies that the (n — l)-th row of each 
pattern M coincides with (/xi, . . . ,/in-i). In other words, each vector ^^ belongs 
to the U(g[„_]^)-span of ^' which is isomorphic to L{fi_) where /i_ = (/ii, . . . ,/i„_i). 
Thus, ( belongs to 

L(A_)®L(/i_). (3.17) 



By ( |2.2| ) and the defining relations ( |2.1| ), the Y{n — l)-module structure on ( ^.171 ) 



coincides with the one obtained by restriction from Y{n) to the subalgebra generated 
by the tij{u) with 1 < i,j < n — 1. The vector ( is annihilated by the operators 
bi{u), . . . , hn-2{u). By the assumption of the theorem, for each pair (i, j) such that 
'^<i<j<n — 1 the condition ( p.l|) is satisfied. Therefore, the Y{n — l)-module 
( p.l7|) is irreducible by the induction hypothesis, and we may finally conclude from 



Proposition 2.3 that (O) holds 



Next, we derive a similar result for the singular lowest vectors under the assump- 



tions of Theorem 3.1. As we pointed out, the condition (Of) can also be assumed 



due to Proposition O 



Lemma 3.6 If C,' E L{\) L{jj,) and tij{u) C' = for all 1 < j < i < n then 

C = const ■ T] ® T]' , (3.18) 

where 7] and t]' are the lowest vectors of L{\) andL{fi), respectively. 

Proof. Let u be the permutation of the indices 1, . . . , n such that uj{i) = n — i + 1. 
The mapping 

Y(n)->Y(ra), tij{u) \-^ t^(_i)^y){u) (3.19) 

defines an automorphism of the Yangian Y(n). This follows easily from the defining 
relations (|2.1|) . We equip the space L = L{X) ® L{fi) with another structure of Y(n)- 
module which is obtained by pulling back through the automorphism ( |3.19|) . Denote 
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this new representation by L^ . Similarly, the mapping 

defines an automorphism of U(g[„). Denote by L{\Y the representation of U(0[„) 
obtained from L{X) by pulling back through this automorphism and extend it to Y(n) 
using ( 2.14| ). It follows from ( p.2| ) that the Y(n)-module L'^ is isomorphic to the tensor 



product -^(A)'^ ® L{jjiY . The weight of the lowest vector tj of L{\) is (A„, . . . , Ai). 
Therefore 77, when regarded as an element of L(A)'^, is the highest vector of the weight 
A. In particular, the U(g[„)-module L{XY is isomorphic to L{X). Now, C,' is a singular 
vector of the Y(n)-module L^ . By the proved above claim for the singular vectors, 
C is, up to a constant factor, the tensor product of the highest vectors of L{XY and 
L{^Y, that is, (|]1|) holds. n 



To complete the proof of the theorem, we need to show that the submodule of 
L = L{X) ® L(/i) generated by the tensor product of the highest vectors C = ^ ® ^' 
coincides with L. For this we introduce a Y(?7,)-module structure on the space L* 
dual to L. It follows immediately from the defining relations (|2.1|) that the mapping 



a : Y{n) -* Y(n), tij{u) \-^ tij{-u), 

defines an anti-automorphism of Y{n). Now, L* becomes a Y(?T,)-module if we set 

{yf){v) = f{a{y)v), yeY{n), feL*, v e L. (3.20) 

Similarly, the dual space -^(A)* of the g[„-module -^(A) can be regarded as a g[„- 
module with the action defined by 

{E,,f)iv) = fi-E,,v), f e L(A)*, V e L(A). 

We obtain easily from ( ^.2[ ) that the Y(ra)-module L* is isomorphic to the tensor 
product L{Xy (g) L{fi)*, where L(A)* and L(/i)* are extended to Y(n) by (pi^ ). The 



vector ^* G L{X)* , dual to the highest vector ^, is the lowest vector with the weight 
—A. The highest weight of -^(A)* will be therefore — A'^ = (— A„, . . . , — Ai). Thus, we 
have 

L*^L(-A'^)®L(-^"). (3.21) 

If we assume that the vector ( generates a proper submodule A^ in L then its 
annihilator 

AnnN = {f eL* \ f{v) = for all v E N} 
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is a nonzero submodule in L* . Hence, AnniV must contain a vector C,' which is 
annihilated by the generators tij{u) with i > j. However, the condition ( p.3|) re- 
mains satisfied when A and /i are respectively replaced with — A'^ and — /i"^. So, by 



Lemma p.6| , the vector (' must be, up to a constant factor, the tensor product of the 
lowest vectors of the representations L{—X'^) and L{—^^). But the vector ^*® ^'* does 
not belong to Ann A^. This makes a contradiction and so, the submodule generated 



by C, must coincide with L. This completes the proof of Theorem 3.1 



4 Necessary conditions 

We keep using the notation ( ^.19| ). As in the previous section, we assume that A and 
H are complex gl^-highest weights. 

Theorem 4.1 Suppose that the Y{n)-module L{X) ® -L(/x) is irreducible. Then for 
each pair of indices l<i<j<nwe have 

mj, nii ^ { Ij, k ) or Ij, k ^ { mj, nii ). (4.1) 

The proof will follow from a sequence of lemmas. We use induction on n. Given 
a g[„-highest weight A = (Ai, . . . , A„) we set 

A_ = (Ai,...,A„_i) and A+ = (A2, . . . , A„). 

Lemma 4.2 If the Y{n) -module L{X)^L{fi) is irreducible then both Y{n—1) -modules 
L{X-) (S> L{fi_) and L{X^) ® L{fi^) are irreducible. 

Proof. We shall identify -^(A_) and L{fj,_) with the U(0[„_i)-spans of the highest 
vectors ^ in L{X) and C,' in L(/i), respectively. Any generator Ein of g[„ with i < n 
annihilates -^(A_) and L{^^). Hence, by ( p.2|) and ( p.l4| ), the subspace L(A_)®-^(/U-) 
of L{X) $>> L{^) is invariant with respect to the action of the subalgebra Y(n — 1) of 
Y(n) , and this action coincides with the one defined in Section ^ 

Suppose that there is a nonzero submodule in L{X^) L{ji_) which does not 
contain the vector ^ ® C,'. Then this submodule contains a Y{n — l)-singular vector 
(. However, ( must also be a Y(n)-singular vector. Indeed, tin{u) C = for any 
i < n which easily follows from ( p.l|) and (|2.2| ). This implies that L(A) L{fi) is not 
irreducible, contradiction. 

Suppose now that the Y{n — l)-submodule of L_ = -^(A_) ® L{n_) generated by 
^ ® ^' is proper. It follows from the defining relations ( p.l|) that the mapping 

r : Y(n - 1) ^ Y{n - 1), tij{u) ^ tj^iu), 
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defines an anti-automorphism of Y(n — 1). Tlie dual space L^ becomes a Y(n — 1)- 
module if we set 

{yf){v) = f{T{y)v), yeY{n~l), f e L*_, v e L.. 

We easily derive from ( |2.2| ) that the module L* is isomorphic to L{^J) ® L(A_). 
Since ^ ® ^' generates a proper submodule in L_, its annihilator in L* is a nonzero 
submodule which does not contain the vector ^' C?> ^ G L{fi_) ® L(A_). However, the 
Y(n)-module L{fi) (g) L{\) is irreducible by Proposition ^^ Thus, our assumption 
leads again to a contradiction due to the previous argument. This proves that the 
Y{n — l)-module -^(A_) ® L{ji^) is irreducible. 

Now consider the Y{n — l)-module L{\^) ® L{fi+). If the Y(n)-module L = 
L{X) C?) L{fi) is irreducible then so is the module L* defined in (|3.20|) . To complete 
the proof we apply the isomorphism ( p.21| ) and the above argument. n 



Due to Lemma ^^, if the Y(?T,)-module -^(A) ® L(fi) is irreducible then, by the in- 
duction hypothesis, both conditions Cond(^^,^^) and Cond(^^,^^) hold. There- 
fore, by Proposition ^]8| the conditions ( |4.1| ) are satisfied for all pairs (z, j) 7^ {i,n). 
Suppose that they are violated for the pair (1, n). Then, as was shown in the proof of 
Proposition P^ the condition ( |2.21| ) should hold. Using Proposition ^]^, if necessary. 



we may assume that m„ G ( /„, h ) and h G ( m„, rrii ). Therefore, there exist indices 
p,q E {I, . . . ,n — 1} such that 

m„ G {lp+i,lp) and h G (mg+i,mg). (4.2) 

li p = n — 1 then by Cond(^^,^^) we must have q = 1; cf. the proof of Proposi- 
tion pl8| . Thus, /i G (m2,mi). Moreover, using also the condition Cond(^^,^~), 



we conclude that there should exist indices r and s such that 

7712, . . . , m^ G {k, ..., h}, h+i, ■■■, L-i G {rrir+i, . . . , m„_i}, 

as shown in the picture: 



rrir, 
o 



I. 



n 









rrir+i 




rrir 




ra2 


mi 




























• 


• 




• 


• 


• 


• 


• • 




In-l 






h+l 


Is 






h 





In particular, this implies that 

li — rrii E Z^ for all i = 2, . . . ,n — 1. (4.3) 
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Now let p < n — 2 in (f4.2|). The conditions Cond(^;^ , A^ ) and Cond(^^, A'j^) imply 
that 



while 



as illustrated: 



Ip^i+i = run-i for z = 1, . . . , p - 1 (4.4) 



/i G (m.„_p+i,m„_p), (4.5) 



rrin "2„_i rrin-p+i rrin-p mi 

o o ooo o o oo 

• •• • • ••• • 

'n ^p+1 ^p '2 '1 

Let L be a highest weight module over Y(n) generated by a vector C, such that 
Tii{u)C, = {u + \i){u + ^i)C,, i = l,...,n, (4.6) 

where Tij{u) = u'^tij{u). We shall also suppose that the elements t[j with r > 3 act 
trivially on L so that the operators Tij{u) are polynomials in u. In other words, L 
is a module over the quotient algebra Y{n)/I where / is the ideal generated by the 
elements t\'^/ with r > 3. 

Given sequences ai, . . . , a^ and 61, . . . , 6^ of elements of {1, . . . , n} we denote by 
Tl^...^'"{u) the corresponding quantum minor defined by (|2.3|) or ( p.4| ) with tij(M) 
respectively replaced by Tijiu). Similarly, we define the operators Bm{u) and ^^(m) 
by ( |2.8| ) with the same replacement. 

For 1 < a < r < n introduce the raising operators Tar{v) and lowering operators 

Traiv) m by 

where w is a variable. We also set T^ai"^) = 1 for r < a. For any non- negative integer 
k introduce the product of the lowering operators 

Xa{v, k) = T,,{v + k-l)--- T,Sv + 1) r.M. (4.7) 

Suppose now that 77 G L is a Y{n — l)-singular vector. That is, rj is annihilated by 
Tij{u) for l<i<j<n — 1 and 

Tii{u)r] = Ui{u)r], i = l,...,n-l, (4.8) 

for some polynomials z/j(u) of degree two. The next three lemmas will provide a basis 
for our calculations. 
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Lemma 4.3 We have the following relations in L: 

Tii{u) T„„(f , k)ri = Ui{u) T„„(f , k) rj, (4.9) 

ifl<i<n — 1 and i ^ a, while 

Taa{u) r„„ t;, k)ri = r„„ t;, k) r/ 4.10 

U — V 

k "" 

H ■^— ^ Va{v) Va+l{v - 1) ■ ■ ■ Vc-l{v - C + tt + 1) 

c=a+l 

X Tca{u) T^^{v + 1, A; - 1) r„c(f -c + a)r]. 
Moreover, 

T,,+^{u)T^^{v,k)r] = 0, (4.11) 

ifl<i<n— 1 and i ^ a, while for a < n — 1 

k -A 

Ta,a+l{u) %,aitJ, k) T] = } Ua{v) Ua+l{v - 1) ■ ■ ■ Uc^l{v - C + a + 1) 

c=a+l 

X Tc,a+i(M) TnSP + 1, A; - 1) r^X^ -c + a)r]. 

(4.12) 

In particular, if Va{—p) = for some p then 

Taa{u) T^^{-p, k) r, = (^ + P'k)^^(^) T„,(_p, k) V, (4.13) 

u + p 

and for a < n — 1 

Ta,a+i{u)T^,{-p,k)7] = 0. (4.14) 

Proof. Note that the coefficients of 7^a(f , k) are hnear combinations of monomials 
in the generators trj with a < s < n — 1. Suppose that i < a. We have Tii{u) rj = 
ioY a < I < n — 1. Therefore, applying ( p.l| ) to the commutators [Tii{u),Trs{v)] and 
[Tii{u),Trs{v)], we conclude by an easy induction that Tuiu) T^^{v , k) rj = 0. This 
proves (f4.9|) and ( [4.11|) for i < a. For i > a both these relations are immediate from 
{^. Further, by (|2;|), 

Taaiu) X^ai^, k) = -— - T^^{v + k - 1) T^^{u) T^^^v , k - I) 

n 
c=a+l 
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The subalgebra Y^ of Y(n) generated by trsiu) with a < r,s < n is naturally iso- 
morphic to the Yangian Y(n — a + 1). Applying the automorphism (|2.5| ) to this 
subalgebra, we derive from the defining relations ( p.l|) that 



T 



a ■■■ €■■■ ni 
a ■■■ n— 1 V 



t; + i)T^+V:iM = 2^r„-:> + i)2^a 



1 a ■■■ c ■■■ n( 



■n-l 



for every c = a + 1, . . . , n. Hence, 

T::::tT(^ + k-i) r„,(t;, A; - 1) = t^^v + 1, ^ - 1) T-::tTM. 

Note that T^^{u) commutes with r„^(t> + A; — 1) by ( p.7|) . Therefore, an easy induction 
on /c gives 

, n (4.15) 

c=a+l 



The same argument proves the following counterpart of ( 4.15 ): for a < n — 1 



Ta,a+liu) Tna{v, k) = — ^ ^— T^^^V, k) T„,„+i(m) 



U — V 



+ E rc,a+i(«)T„> + i,fc-i)r::::I:f (.;)(-i)— \ 



(4.16) 



u — V 



c=a+l 



By 



T°:::;^1'"(t;) = E sgno--T„,^(„_i)(f-?2 + a + l)---Tc+i,^(c)(T;-c + a) 

X Tc_i,^(c_i) (w - c + a + 1) ■ ■ ■ Ta,^(a) {v). 



Since Tij{u) rj = for 1 < i < j < n — 1 we conclude from ( |4.8| ) that 

T":::;^l'"(t;)?7 = t^^{v - c + a) Ua{v) Ua+i{v - 1) ■■•z/c_i(t; -c + a+ 1)?]. 



The proof is completed by using ( ^.15| ) and ( [4.16| ). 



Lemma 4.4 Let 1 < a < n — 1. Then we have the relations in Y{n): 
[E„_i,„r,,(t;, k)] = -kT^Av, k - l)Tl+}-_lSv + k-l). 
Moreover, 



(4.17) 



1 a+l ■■■ n— 1 



a+1 ■■■ n/ 



1 a+l ■■■ n— 1 



TV:.'n-ln{u)TiX[:-i-_[{u) = r^.,,Au)TiX[:i{u) + T^Au)TiX[:-i-_iSu)- (4.18 
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Proof. By (^, [En-i,n, r^aiv)] = -T ^t^^L^^iv) . Since the elements t^^{u) and 
r„^(f ) commute, we can write 

k 

[E„_i,„T„,(t;,/.)] = -5^r„,(t;)---T^+.V:^^„(t; + z-l)---r„> + A;-l). (4.19) 

Applying the automorphism ( p.5|) to the subalgebra Yq introduced in the proof of 
Lemma ff]3|, we derive from (|2.1|) that 



Tt.'r;Llniv) r^aiv + 1) = ^^.(i;) T ^+.V-,„(t; + 1). (4.20) 



Together with ( |4.19| ) this proves ( |4.17| ) by an easy induction. 



To prove ([4.1 8|) consider the expression provided by Proposition p.l| for the com- 
mutator [r„_i ^{u) , T ^'^{[[['^{v)]. Multiply both sides of the relation by m — f and put 
u = V. The terms which do not vanish after this operation correspond to the maxi- 
mum value of the summation parameter in the formula, which implies ( 4.18 ). n 



We keep using the notation of Lemma |4.3| . As before, C, is the highest vector of L 
satisfying ([4.6|). We also regard L as a gt^-module using (p.6|). 



Lemma 4.5 We have the following relations in L. 

E,„r„,(t;,fc)C = if i<a. (4.21) 

Ifa<i<n — 1 then 

n 

E,„ T^,{v, k) C = (-1)"-* k l[{v' + l,){v' + m,) T,Sv + k-l) T^^iv, k-l)C, 

(4.22) 
where v' = v + a + k — 1. Moreover, ifl<a<n— 1 then 

E^^T^^{v,k)C=i-ir-'^-'k 

X (j^^{v + i,k-i)T:::.izl{v)-T,^{v,k-i)T:x\::.:{v + k -!))(. (4.23) 

Proof. The relation ( [4.21J ) follows from the fact that the coefficients of T^^{v,k) 



belong to the subalgebra Y^: see the proof of Lemma ^^. We easily deduce from 
rel) that 



[Ean.r^aiv]] = {-1^"-' T IZzHv) - ("l)-"-^ T ^^j ::-(t;). 
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Therefore, 



E..r„>,A;)C=(-ir— ^ 

k 



i=l 



(4.24) 



Furthermore, by analogy with ( [4 .201) we get 



T:ti:z (v) T^^v + 1) = t,mt:xiz {v + 1). 

The expression ([4.24|) now takes the form 

k 

-(-!)— ifcr„,(t;, fc-l)T:+} ::-(^; + A:- 1)C. 



«=i 



Similarly, applying again (|2.5|) to Y^ we bring the sum here by an easy induction to 
the form 

k 

2=1 

-{k-i)r^^{v + k-l)---rJ^i)---r^,{v)Tl-::.T.\{v + i))C, 

which simplifies to A;7;„(t; + 1, A; - 1) T;^:::"Ii {v) C thus proving ( ^1231) . 

By (H), if ^ > a then [i?.„, r„,(i;)] = (-l)"-T^+l-; 
( [4.17|) , this brings the left hand side of ( 4.22| ) to the form 



By (U), if i > a then [Ei„, r„„(i;)] = (-1)"'^T^+V;;" (t;). As in the proof of 



Using 



(-ir-fcr„,(t;,fc-l)T^+\-;(t; + A;-l)C. 
we get 

n 

^S::.:(^ + fc - 1) c = n (^' + ^^■)(^' + ^^■) ^»(^ + ^ - 1) c, 

i=j+i 



which completes the proof. 



We now consider the irreducible highest weight module ^(A, /i) over Y{n) gen- 



erated by the highest vector ( satisfying (|4.6|) . It follows easily from (|2.1| ) and the 



irreducibility of V{X, fi) that all elements t|^ with r > 3 act trivially in this module. 
Furthermore, V{\,fi) is isomorphic to the irreducible quotient of the submodule of 
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L{X) ® L{ij) generated by the vector ^®^'; see ( [^.21 ) and ( ^■14[ ). With the parameter 
p defined in (|4.2| ), the numbers 



are positive integers by ( |4.3| ) and ([4.4|). Introduce the vector 9 G V{\,fi) by 

6* = ^-p+i,i(-Ai, A^i) %!-p+2,2i-^2, h)- ■■ T^p{-\p, kp) C, (4.25) 

where ( is the highest vector of V{\,fi), and T^'aiy, kg) denotes the derivative of the 
polynomial T^.^^v, kg); see ([4.7[). Our aim is to prove that the vector 6 is zero. We shall 
do this in Lemma ^^ below. The idea of the proof is to show that 9 is annihilated 



by the operators Bi{u) for alH = 1, . . . , n — 1 and then apply Proposition p.3| noting 
that 9 is obviously not proportional to C,. This works directly in the case p = 1. 
However, if p > 2 then applying the operators Bi{u) to 9, we come to a more general 
problem to prove that all vectors parametrized by a certain finite family of pattern- 
like arrays A associated with A are zero. We prove a preliminary lemma first which 
describes the properties of these vectors. The arrays A which arise in this way will 
be called admissible. They are defined as follows. Each A is a sequence of rows 
Kr = (Ari, . . . , Xrr) with r = 1, . . . , n of the form described in Section 0. The top row 
An coincides with A and for all r the following conditions hold 

Xri — \r-i,i G Z+ for i = 1, . . . ,r — 1. 

Each entry X^ of A is equal to Aj unless 

i = 2,...,p and r<n — p + i. (4.26) 

Moreover, we also require that if i G {2, . . . ,p} then 

hi - mn^p+i G Z+, (4.27) 

where we denote l^i = Xri — i + l- This condition implies that < X^. — Ar_i,i < ki for 
all i. By definition, only a part of an admissible array can vary with the remaining 
entries fixed, as illustrated: 
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Given such an array, we set 



11 1 ll'^'i(^'^"' -^" — A 



r—l,il 



r=3,...,n \ i=2 



where the polynomials 7^j(f , k) are defined by 



c, 



X.i{v,k) 



T^.[{v,k) if r = n — p + i and k = ki 

T^,i{v,k) otherwise. 



(4.28) 



Recall also that %.i{v, k) = 1 ii r < i. Note that the factors in the brackets commute 
for any index r due to (p.?]). We have ( = Oj^o for the array A° with A°j = Aj for 
all r and i. Furthermore, 6 = '7^_p+i^i(— Ai, ki) 9^ for the array A with /^ 



m. 



n—p+i 



for all indices r and i satisfying ( |4.26| ). We define the weight w{K) of an admissible 
array A by (|3.7|). We use the ordering on the weights described in Section ^. Given 
A, take the minimum index r = r(A) such that for some 2 < a < p the difference 
\ra — Ar--i,a IS ^ positivc integer. The following relations for the admissible arrays A 



with r(A) >n — p + 2 will be used in Lemma 147 



Lemma 4.6 We have the following relations in V{\,^): 

Tii{u)eA = {u + Xr-i,^){u + fii)eA for l<z<r-l, (4.29) 

Tij{u)9A = for l<t<j<r-l, (4.30) 



5,(M)eA = ^A,(n,A)^. 



A+<5,, 



for r — 1 < i < n, 



i=i 



(4.31) 



where (3ij{u,A) are some polynomials in u, and we suppose that 9^ = ^ if K is not an 
admissible array. 
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Proof. Let 2 < a < p be the least index such that k = Xra — Xr~i,a > 0. Then 

9A = %^{-Xra,k)r], v-=Oa', (4.32) 

where A' is the array obtained from A by increasing each entry A^a, • • • , K-i,a by 
k. We shall use a (reverse) induction on the pairs (r, a) ordered lexicographically, 
with the base 0^ = (. Note that by the definition of admissible arrays we must have 
r < n — p + a. 

Identify the subalgebra of Y{n) generated by tij{u) with 1 < i,j < r with the 
Yangian Y(r). By the induction hypothesis r/ is a Y(r — l)-singular vector such that 
^ holds with n replaced by r, where 



udu 






if i < a, 
if i > a. 



Therefore, if %^{—Xra,k) = %.^{—Xra,k) then ( |4.29| ) and ( |4.30| ) are immediate from 
Lemma [4 .31 . 

Suppose now that %.^{—Xra, k) = %.'^{—Xra, k). Then r = n — p + a and k = ka- 
Therefore, Xra = Xa by (|4.27| ). It is clear from Lemma ^]3|that ( [4.29| ) and ([4.301) hold 
for i 7^ a so that we may assume i = a. In this case, due to (|4.1CI| ) and ( [4.12| ), it 
suffices to show that 

%ai-Xa,ka)v = (4.33) 

and that for every c = a + 1 , . . . , r the polynomial 

J^a{v) l^a+liv - 1) ■ ■ ■ Uc-l{v - C + a + 1) %.^{v + l,ka- 1) Trc{v - C + O) T] (4.34) 

has zero of multiplicity at least two at f = — A^. 

Suppose first that p < n — 1 and consider Tra{—Xa, kg) rj. By (|2.3| ) we have 

'Traiv) = ^ Sgna-T^^a+l),a{'")---Ta{r),r^l{v -r + a + l). (4.35) 

By the induction hypothesis we have T^{r),r-i{u) r^ = if a{r) < r — 1, while 

Tr-i^r-l{u) 1] = {U + Ar_i,r_.i)(M + fir-l) V- 



The factor u + /i^-i is zero if u = —Xa — r + a + 1 by (|4.4| ). Therefore, if t> = —Xa 
then we may assume that a{r) = r in ( |4.35| ) which gives 



^ra(-^a) V = -Tr-l^ai'^a) T,. ^-l(-/ir-l) V- 

Since Tr^r-i{,v) = r^-r-iiv) is a lowering operator, we verify by an easy induction with 
the use of (^) and (|]T3D that 

^raK^ay ^a) V ~ ^r-l,a\ ^a.) ka) 2j.,r-l\l^r-l, ka) Tj. 
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We have ka = rrir-i — rrir by ( [4.4| ) and so, the equahty %a{—\a, ka)ri = in the case 
p < n — 1 will be implied by the fact that the vector 

rj = Tr^r-l{-fJ'r) " " " T^.r-l (-/^r-l) V (4.36) 

is zero in V{\, /i). Since the Y(n)-module V^(A, /i) is irreducible, it will be sufficient to 
show, due to Proposition ^]^, that the vector rj is annihilated by all operators Bi{u) 
with i = 1, . . . ,n — 1. Since Tr^r-i{u) commutes with the lowering operators Tj,j(f) 
we may assume that the array A satisfies Xri = Ar-i,j for all i ^ a. In other words, 
7] = O^i is a Y(r)-singular vector such that 

Tii{u) 7] = {u + \ri){u + ^,i) 7] for i = l,...,r. 



By (f4.11|) rj is annihilated by the operators Tj j+i(m) for z = 1, . . . , r — 2, and by (^3^ 



and (|4.13|) rj is an eigenvector for the operators Tii{u) with z = 1, . . . , r — 1. We have 
Tr-i^riu) = [Tr-i^r-i{u) , Er-i^r]- By ( [4.23|) , Er-i^rV = and therefore Tr-i^r{u)v = 0. 



On the other hand, if i > r then Bi{u) commutes with the elements T^^r-i{v) by (|2 
Hence, by the induction hypothesis, Bi{u) rj is a. linear combination of the vectors 

Tr,r-l{~fJ'r) ' ' ' ^r,r-l (~/^r-l) ^A'+(5ij 

with 2 < j < p. We conclude by induction on the weight of A' that Bi{u) rj = thus 



proving ( ^4.33|) . 

Consider now the polynomial (|4.34| ). Suppose first that c = r. Note that r — 1 > a 
since p < n — 1. We have 

l^a{v) = {V + Xa){v + fia), Z/,._i (w) = (t; + Ar_i,,.-l) (f + /Ur-l)- (4.37) 



However, yU^-i — r + a + l = Aaby (|4.4| ). This shows that the coefficient of r] in ( |4.34|) 
is divisible by {v + Aa)^. Let now a + 1 < c < r. By ( |2.3| ), 



T^ci-^a-c + a) = ^ sgn(j-T<^(c+i),c(-Aa -c + a)---T^(r),r-i(-Aa -r- + a + 1). 



O-eSr- 



We can repeat the argument which we have applied to the expression ( [4.35|) to show 



that the polynomial 7^„(f + I, ka — 1) Trc{v — c + a) rj has zero at f = — A^. Together 
with ( 4.37] ) this completes the proof of ( 4.29 ) and ( [4.30| ) in the case p < n — 1. 



In the case p = n — 1 we have a = r — 1 and 

7^._r-l( — Af-i, kr-l) rj = Tr^r-li—fJ-r) " " " ^r,r-l (^ A-r-l) r]. 

Note that the operators Tr^r-i{u) and Tr^r-i{v) commute. Therefore, due to ( [4. 3]) 
it suffices to show that the vector ( [4.36| ) is zero. The argument used in the case 
p < n — 1 works here as well. 
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For p = n ~ 1 the polynomial ( ^.341 ) equals 

Ur-liv) %;r~li-K-l + 1, ^r-l + 1) V- (4.38) 

If Ar_i = fJ'r-i then i/j._i(f ) = {v + A^-i)^. If A^-i — /ir-i > then 

Tr^r-l{-K-l + 1, /i^r-l + !)'? = ^r,r-l(-/ir) " " " Tr,r-l(-Ar-l + 1) V- 



Using again the fact that the vector ( |4.36| ) is zero we conclude that this vector is 
also zero. In the both cases ( |4.38| ) has zero of multiplicity at least two at f = —Xr-i 
proving (^^2^) and ( WM - 

To prove (|4.31| ) we note that Bi{u) commutes with T^^iv.k) ioi i > s by (|2.7| ). 
Therefore, it suffices to consider the case i = r — 1. We derive from ( p.6|) that 
Br-i[u) = [Ar-i{u),Er-i^r]- Supposc first that p < n — 1. By ([4.29|) and ( |4.3CI| ) the 
operator Ar-i{u) acts on 6\ as multiplication by a polynomial in u. So it suffices to 
prove that 



r-l 



Er-l,r Oa = 2_^/3j(A) Oa+5^_^^ 



(4.39) 



where l3j{A) are some constants. Write 6a in the form ( [4.32| ) and assume that a < 
r — 1. We now use Lemma |4.4| . By ( [4.17] ) we have 

Er.,,r %^{v, k) 6 A' = %^{v, k) E,.-i,r 6 A' -k%,{v, k - 1) T :+.V:^,,(t; + A; - 1) Oa'. 

(4.40) 



Further, ( |4.18| ) gives 

Ti^};Ll,{u)TiX\z:z\{u)eA' = T,.U^)TiX\z^^^ 

(4.41) 

By (^), TlX\-::.lz\M = [TlX\::.l.z\{u),Er-i,r]- using the induction hypothesis we 
obtain 

r-l 

Er-l,rOA' = 2_^ Pj{A')9a'+S^_-^^^- 
j=a+l 



On the other hand, using ( 4.29 ) and ( [4.30|) we derive from (|2.3|) that 



r-l 
i=a+l 



while 



TlXi...riu)0A'= n iu + lri + a){u + mi + a)eA 

i=a+l 
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since T 



a+l- 
a+1- 



M, 



commutes with the lowering operators Trb{v). Thus, by ( |4.41| ) 



rp a+l ■■■ r 
a---T—2'r 



^U) 6\i = (M + Lrr + a)[u + 171^ + a) I I : r^ 



i=a+l 



U + Ir 



-l,i 



+ a 



-l,a 



'u)e^ 



+ 



E 



/5,(A') 



(4.42) 



U + /r-l,i + O, 



■n. 



iu) Oa, 



r-l.j 



Now put V = —Xra and k = X^a — Ar_i,a into ([4.40|) . The denominator u + /r-i,i + o 
in ([4.42|) becomes lr-i,i — lr-i,a at u = v + k — 1. Due to the conditions (|4.4|) and 
( [4.27|) the difference lr-i,i — lr-i,a can only be zero if z = a + 1. Moreover, in this 
case lr-\,a+i = J'r,a+i = ^a+i- Then A' + 6j._i^,i is not an admissible array so that 



the summand with j = a + 1 does not occur in the sum in ( [4.42| ). The denominator 
u + lr-i,i + a with i = a + l does not occur in the product either, since it cancels with 
u + lr,a+i + «• Thus the substitution u = v + k — 1 into ( |4.42| ) is well defined. Using 



the fact that r^.^^ ^(t>) commutes with T^a('u) if 6 > a we complete the proof of ( [4.39|) 



for the case ^^^(f , k) = T^ai'^^ ^) in ( [4.32|) . 

Assume now that Tj.^{v, k) = %.'^{v, k). Then by ( [4.28| ) we must have r = n—p + a 
and k = ka = la — Tn^. Moreover, we also have X^a = Xa by ( [4.271 ). Take the derivative 
with respect to v in ( 4.40| ) and put v = —Xa- Note that the factor u + rrir + a 
in ( [4.42[ ) vanishes at u = — Aa + ka — 1- Furthermore, as has been shown above, 
'Kai.~^a., ka) 0a'+5 = 0] scc ([4.33|) . The application of the induction hypothesis 
finally proves (|4.39| ) in the case a < r — 1. 

If a = r — 1 in ( |4.32|) then rj = Op^i is a Y(r)-singular vector, so that we may use 
the relation ( |4.23|) to prove ( |4.39| ). The same relation applies in the case p = n — 1, 
where we also use the fact that the polynomial (f4.38|) has zero of multiplicity at least 
two aX V = —Xr-l- D 



Consider the vector 6 G V{X,n) defined in (|4.25|) . 
Lemma 4.7 6^ = 0. 
Proof. We shall be proving by induction on the weight of A that 

^n~p+l,l(-^l'^l)^A = 



(4.43) 



for all admissible arrays A such that the parameter r = r(A) satisfies r > n — p + 2. 
For the induction base we note that 

^n-p+i,i(-Ai,A;i)C = 0. 

Indeed, using ( |2.7|) we find that the vector on the left hand side is annihilated by 
the operators Bi{u) with 2 = n — p + l,...,n— 1. On the other hand, by ( [4.14| ) it 
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is also annihilated by Tj^j+i(m) with i = 1, . . . ,n — p — 1. Further, Tn-p^n-p+iiu) = 
[Tn-p^n-p{u) , En-p^n-p+i] and we find from ( |4.9|) and (K:-22|) that it is also annihilated 



by En-p,n-p+i- By Proposition ^]3|the vector must be zero. 

Suppose now that w(A) ^ A. Denote the left hand side of ([4.43|) by ^^. We shall 



show that Bi{u) 6^ = for all i = 1, . . . , n — 1. By Lemma O, the Y(n — p + 1)- 
span of the vector 6j^ is a highest weight module with the highest weight defined 
from (|4.29| ) with r = n — p + 2. Exactly as above we find that Tn-p^n-p+i{u) 6^ is 
zero. Furthermore, the operators Bi{u) with i = n — p+l,...,n— 1 commute with 
%i-p+i,ii~^ij fci). Therefore by ( |4.31| ) Bi(u) 9^ is a linear combination of the vectors 
'^~p+i,i(~'^i' ^i) ^A+Si-- ^ii^n — p + 2 then the arrays A + 6ij satisfy the condition 
r>n — p + 2 on the parameter r = r(A) used in Lemma [4.6| , and we complete the 
proof in this case applying the induction hypothesis. 
lii = n — p+1 then 

for some array A' for which the corresponding parameter r' = r(A') satisfies r' > 
n — p + 2. However, T„_p+ij(^) is permutable with '7^_p+i^i(— Ai, A;i) which again 
ensures that Bi{u) 6^^^^ = by the induction hypothesis. n 



By ( |2.2| ) and ( |2.14| ) the operators Tjj(m) = u^tij{u) in L{\)®L{jj) are polynomials 



in u. Therefore, we can introduce the vector 9 G -^(A) ® L{^) by 

^= ^n-p+l,l(-Al, h) X„'_p+2,2(-A2, h) ■ --Vpi-K, kp) {i ® O, 

cf. ( f4.25| ). Here ^ and ^' are the highest vectors of the gl„-modules L{X) and -L(/i), 
respectively. 

Lemma 4.8 ^ 7^ 0. 

Proof. Write the vector 9 in the form 

= Y,^kmU®^'m. (4.44) 

A,M 

where ^^ and ^'j^^ are the Gelfand-Tsetlin basis vectors in L{\) and L(/i). It suffices to 
show that at least one coefficient c^ ^^ is nonzero. We shall calculate these coefficients 
for the case ^'^.j = C,'j^jq is the highest vector ^' of L(/i). That is, the {k, i)-th entry of 
the pattern M° coincides with fii for all k and i. We prove by a (reverse) induction 
on a that for any a = 2, . . . , p we have 

r„Va,a(-Aa, k^) ■ ■ ■ V^{-Xp, kp) (^ ® C) = Yl ^A,M ^A ® Cm. (4-45) 



A,M 
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where for each M occurring in this expansion, 



n-l 



H - w{M) = ^qi [si - Si+i), qieZ+, (4.46) 

i=a 

and c|^(„) ^^0 7^ for the pattern A^^^ defined for each a = 1, ... ,p as follows. The 

entry A^" of A'^'*) coincides with Aj unless i = a, . . . ,p and s < n — p + i. For the 
entries with these s and i we have A^^ — z + 1 = nin-p+i. The betweenness conditions 



( p.l5|) for A^"-* are guaranteed by the assumptions ( |4.3|) and 

Suppose that a < p and denote the left hand side of ( [4.45| ) by 9^"-\ By Proposi- 
tion |2]^, we have 

bl<---<bn-p 

where the quantum minor operators in L{X) and L{fi) are defined by the formulas 
( p.3| ) where the tij{u) are replaced with the polynomial operators Tij{u) = utij{u). 
If w is a weight of the gt^-module L{^) then w ^ fi. Therefore, by the induction 
hypothesis, if 6i < a then 



for each pattern M occurring in the expansion ( |4.45|) for 9^'^^^\ This proves ( |4.46| ). 
Furthermore, for any k G Z_(. the tensor products of the form C,\ ® ^^o which occur 
in the expansion of Tj.^(v, k) ^('^+^) should have the form 

X,{v,k)^^,^,,,^Ti::z\{v + k-i)---T:::.:z\{v)C. (4.47) 

The coefficient of ^' equals 

k 

Y[{v + fXa+j -l)iv + Ha+1 + j - 2) ■ ■ • (f + /i^_i +j-n + p). 



The conditions ([4.3| ) and (|4.4| ) imply that for k = ka there is a unique factor in this 
product which vanishes at v = —Xa- Therefore, the derivative of ([4.47|) with k = ka 
at f = —Xa is, up to a nonzero constant factor, 

%i-p+a,a{~^a, ka) C,j<^(a+i) ® q ■ 



By the definition ( |2.1tj| ), this coincides with ^^j^, ® ^' which proves ( [4. 451 ) 



Similarly, the application of the operator 7^_p_,_i_i(— Ai, fci) to the vector 9^'^^ pro- 
duces a linear combination (|4.44|) . Here the coefficient c^(i) ^q is the product of 

A(2) MO ^^^ ^^^ factor 

k 

]^(-Ai + fii+j - 1)(-Ai + fi2+j -2)---(-Ai + fin-p + j -n + p) 
i=i 
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with k = li— nin-p+i which comes from the expansion of the coefficient of ^' in ( [4.47D 
for a = 1. It remains to note that by (|4.5| ) (which holds for all p < n — 1) this factor 
is nonzero. n 



If the Y(r2)-module L{X) L{fi) is irreducible then by ( p.2|) and ( |2.14| ) it is iso- 



morphic to the highest weight module V^(A, /i). Lemmas |4.7| and [4.8| therefore imply 
that this contradicts to the assumption ( [4.2[ ), thus proving Theorem [4.1| . 
Theorem |TTT| is now implied by Theorems ^]T| and ^]T] due to Proposition 
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